We have developed five kinds of high-and low-temperature differential Stirling engines and their engine performance was investigated experimentally. In order to determine the parameters that affect engine performance, experimental results were discussed and compared with results calculated using analytical methods. We show an arranging method for the experimental results, and consider the performance of general Stirling engines. After using the arranging method with nondimensional numbers obtained by a dimensional analysis, a prediction method, which is used at the early design stage, is formulated. One of the nondimensional numbers in this prediction method is calculated based on engine specifications, including the properties of the working gas. The prediction method can predict engine speed, output power, the effect of working gas and operating conditions.
Introduction
Recently, environmental pollution and energy utilization have become serious problems worldwide. As Stirling engines are a potential solution to the above problems, they have been developed actively, and the results of many studies have been reported (1) - (9) . However, to our knowledge, no systematic investigation and research on the parameters that affect engine performance have been conducted to date.
It is important that engine performance be predicted accurately from the main specifications that are determined from the target performance during engine design. Generally, the calculation for engine performance is initiated after the main specifications are determined and the design for heat exchangers and mechanical devices is finished. But, in actual practice, it is necessary that the engine performance be determined at the same time as engine specifications, and also before finishing the design for heat exchangers and mechanical devices.
We have developed five kinds of high-and low-temperature differential Stirling engines, and measured their performance. The measured performance is compared with results calculated using analytical methods. The parameters that affect engine performance are investigated. We suggest an arranging method for the experimental results, discuss the performance of general Stirling engines and develop a simple method for predicting engine performance.
Previous Performance Prediction Methods
As methods for predicting output power, LS, from engine specifications, two simple methods utilizing the Beale Number (8) and the West Number (9) are well known. i) Beale Number, BN; This method for predicting output power was suggested by Beale (8) , where BN is defined by Eq. (1) . Here, Pm is mean pressure in the working space (Pa), VSE is swept volume of an expansion space (m 3 ), n is engine speed per unit second (rps).
It is known that BN at the engine speed where maximum output power is realized, is about 0.15 in the case of high-temperature differential Stirling engines whose heater wall temperature is about 650 °C (8) . ii) West Number, WN; This method was suggested by West (9) , where WN is defined by Eq. (2) with revision of BN.
Here, TE is expansion space gas temperature, and TC is compression space gas temperature.
It was found that WN is about 0.25 in the case of 5~150 kW class Stirling engines, and is about 0.35 in the case of smaller power engines (9) .
Output power can be predicted from engine specifications using the B N or WN. However, it is necessary to determine the engine speed at which maximum output power is realized. Then, in order to predict engine performance accurately, the relationship between output power, LS, and engine speed, n, and that between the kind of working gas and the output power must be determined, with consideration of engine type and operating conditions.
Arrangement for Experimental Results
We have developed high-and low-temperature differential Stirling engines and measured their performance (10) - (14) . Also, engine performance has been analyzed and calculated using analytical methods (15) - (17) . After comparison and discussion, the parameters that affect output power significantly were clarified. As we have found that pressure loss of the working gas and mechanical loss due to friction in the mechanical devices affect output power significantly, the experimental results can be arranged as follows.
Pressure loss of working gas
The pressure of the working gas decreases when the gas flows through heat exchangers consisting of a heater, a regenerator and a cooler. The pressure drop is treated as pressure loss. Work done by the engine depends mainly on the mean pressure of the working gas, Pm, the engine size, the expansion space gas temperature, TE, and the compression space gas temperature, TC. Furthermore, work is affected strongly by pressure loss at heat exchangers. Pressure loss is affected by the engine type and operating conditions such as the engine speed, the density of the working gas in heat exchangers, ρ, the kinetic viscosity, ν, and the shape of heat exchangers. Thus, pressure loss should be calculated precisely at the final design stage, that is, after determining the detailed sizes of heater and cooler tubes and the specifications of the regenerator matrix. However, it is considered that the size of heat exchangers is dependent on engine size, because similar types of heat exchangers have been adapted in general Stirling engines. Thus, the swept volume of the expansion space, VSE, is used as the typical parameter that expresses as the size of heat exchangers, because VSE is generally determined at the early design stage. Also, the gas constant, R, and the kinetic viscosity of the working gas, ν, are used as the typical parameters that express the properties of pressure loss, based on the function, ρm Pm/(RTE) , where ρm is the mean density in the expansion space, TE is the expansion space gas temperature, Pm is the mean pressure, and R is the gas constant.
Mechanical loss by friction
It can be considered that mechanical loss consists of Coulomb friction loss and viscosity friction loss. The Coulomb friction coefficient, µco, and the viscosity friction coefficient, cvi, are parameters that affect output power. The Coulomb friction coefficient, µco, is the same for Stirling engines that consist of the same type of mechanical elements. Also, the viscosity friction coefficient, cvi, is dependent on the swept volume of the expansion space, VSE, because cvi is affected strongly by the engine size. Then, the swept volume of the expansion space, V SE, is determined to be a typical parameter that expresses mechanical loss.
Derivation of nondimensional numbers
From the above considerations, it is assumed that engine performance consists of the following function.
where, Ws is output work (J), Pm is mean pressure of working gas (Pa), VSE is swept volume of expansion space (m 3 ), R is gas constant (J/kgK), TE is expansion space gas temperature (K), ν is kinetic viscosity at temperature, TE, and pressure, Pm, and n is engine speed (rps). The compression space gas temperature, TC, is assumed to be constant in the case of general Stirling engines, because it was confirmed that it does not differ markedly regardless of the engine type.
Equation (3) can be shown as Eq. (4) 
Then, we focus on leading nondimensional numbers that symbolize engine speed and output power. After much discussion and consideration, the following three nondimensional numbers are suggested.
where, n * is defined as nondimensional speed, and wS * is defined as nondimensional output work. In the case of an engine of which cylinder bore, D, is equal to piston stroke, H, Eq. (5) can be changed to Eq. (8) with mean piston speed, u (=2Hn).
where, k is a fixed number [=( /4) 2/3 /2]. Namely, the nondimensional speed, n * , is equivalent to the Reynolds number, because it is a ratio of inertia force to viscosity force of the working gas with a typical length, D. The nondimensional output work, wS * , is equal to the Beale Number, BN, defined by Eq. (1).
On the other hand, the size and specifications of seal devices such as a piston ring and a rod seal are determined from the mean pressure in the working space at maximum load, Plim, at the early design stage. Also, working pressure and temperature are set as the operating conditions of the engine, and both affect mechanical loss strongly. Then, nondimensional pressure, P * , and nondimensional temperature, T * , are defined by Eqs. (9) and (10), respectively. They are the nondimensional numbers that express the operating conditions.
Here, Pm is mean pressure of working gas, Plim is limited maximum mean pressure, TE is expansion space gas temperature, and TC is compression space gas temperature.
Results of Arrangement and Considerations
We have developed a 100 W class small engine and measured its performance (10) , (16) . The experimental results are treated using the nondimensional numbers as defined above. Figure 1 shows the relationship between nondimensional speed, n * , and nondimensional output work, w S * , at nondimensional temperature, T * , of 0.42 (TE=490 °C, TC=40 °C) using helium as the working gas. In the figure, each line represents the calculated results based on the isothermal analysis method with consideration of pressure loss and mechanical loss (15) (called the second-order model). The solid line represents the result at nondimensional pressure, P * =0.73 (Pm=0.8 MPa), the broken line represents that at P * =0.55 (Pm=0.6 MPa), and the dot-dashed line represents that at P * =0.36 (Pm=0.4 MPa). Symbols represent the experimental results at P * =0.73, 0.64, 0.55, 0.45 or 0.36 (the mean pressure, P m, is varied from 0.8 MPa to 0.4 MPa with 0.1 MPa steps). From the figure, the nondimensional output work, wS * , decreases with increasing nondimensional speed, n * . On the other hand, it was confirmed that the output power tends to decrease at higher engine speed, though the indicated power increases at higher engine speed in this experiment (15) . The decrease in w S * with increasing n * is caused by the increase in pressure loss in the heat exchangers and mechanical loss caused by viscosity friction at higher n * , because pressure loss and mechanical loss are affected by engine speed as described above. Also, the nondimensional output work, wS * , decreases with decreasing nondimensional pressure, P * . Because the specifications of seal devices such as a piston ring are determined based on P * 1 at the design stage, the rate of Coulomb friction loss of the seal devices increases with decreasing nondimensional pressure, P * . Figure 2 shows the relationship between nondimensional speed, n * , and nondimensional output work, wS * , at nondimensional pressure, P * , of 0.73 (Pm=0.8 MPa) using helium as the working gas. In the figure, the solid line represents the calculated result at T * =0.42 (TE=490°C, TC=40°C), the broken line represents that at T * =0.38 (TE=430°C, T C=40°C), and the dot-dashed line represents that at T * =0.35 (TE=370°C, TC=40°C). Symbols represent the experimental results in the case of T * at 0.42, 0.40, 0.38, 0.37 or 0.35 (the expansion space gas temperature, T E is varied from 490 to 370 °C with 30 °C steps). From the figure, the nondimensional output work, w S * , decreases with increasing nondimensional speed, n * , and decreasing nondimensional temperature, T * , similar to the case in Fig. 1 . This is due to the fact that the mechanical loss is not strongly affected by the expansion space gas temperature, TE, and the nondimensional temperature, T * ; furthermore the rate of mechanical loss per unit output power increases with increasing nondimensional speed, n * . Figure 3 shows the relationship between nondimensional speed, n * , and nondimensional output work, wS * , at nondimensional pressure, P * , of 0.73 (Pm=0.8 MPa) using nitrogen as the working gas. In the figure, the solid line represents the calculated result at T * =0.40 (TE=460°C, TC=40°C), the broken line represents that at T * =0.37 (TE=400°C, T C=40°C), and the dot-dashed line represents that at T * =0.32 (TE=340°C, T C=40°C). Symbols represent the experimental results when T * is set at 0.40, 0.38, 0.37, 0.35 or 0.32 (the expansion space gas temperature, TE is varied from 460 to 340°C with 30°C steps). From the figure, the nondimensional output work, wS * , decreases with increasing nondimensional speed, n * , and decreasing nondimensional temperature, T * , similar to the case in Fig. 2 , though the effect becomes small at higher values of nondimensional engine speed, n * . This may be due to the strong effects of pressure loss in the heat exchangers. The calculated results agree with experimental ones very well. Also, the range of nondimensional engine speed, n * , is much higher, about 2000~6000, than the range of n * of about 100~800 when helium is used as the working gas, as shown in Figs. 1 and 2 . This is because the kinetic viscosity, ν, strongly affects nondimensional speed, n * , and because n * is equivalent to the Reynolds number, as described above.
Figures 1, 2 and 3 show two cases of the relationship between nondimensional speed, n * , and nondimensional output work, wS * , as defined by Eqs. (5) and (6) , for the 100 W class Stirling engine.
One is the case of changing the mean pressure, Pm, while maintaining the same gas temperature, TE and TC. The other is the case of changing the gas temperature, TE, while maintaining the same mean pressure, P m. Furthermore, we confirmed that similar figures were obtained in the case of other operating conditions and different types of engines including low-temperature differential Stirling engines. Thus, it is considered that the experimental results can be arranged with n * and wS * . Also, it is confirmed that the results of the analytical method agree well with the experimental results, and that the method has high accuracy.
Performance of Prototype Engines and Prediction Method
From the above considerations, the nondimensional output work, w S * , can be arranged well according to the nondimensional speed, n * , with nondim ensional pressure, P * , and temperature T * , as parameters. In order to determine the relationship between engine specifications and output power, another nondimensional output work, WS * , and nondimensional output power, LS * , are defined by Eqs. (11) and (12), respectively.
On the other hand, assuming that the engine is operated at the limited maximum gas temperature, Tlim, Eq. (13) is derived by revising Eq. (7), where the expansion space gas temperature, TE, is changed to Tlim, and the kinetic viscosity, νlim is used at temperature, Tlim, and pressure, Plim. Here, S * is defined as a nondimensional engine specification, because it is a nondimensional number which is calculated from the engine specifications at the early design stage. Table 1 shows the engine specifications and the operating conditions of five kinds of prototype engines. They have different engine types, operating temperatures, pressures and output power levels. In the table, Engine A is the 100 W class gamma type (see Figs. 1~3 ), Engine B is an alpha type of a similar power and temperature level as Engine A, and Engine C is a 2 kW class beta type. They are the high-temperature differential engines. Engine D i s a 1 kW class alpha type, and Engine E is a 300 W class gamma type, both of which are low-temperature differential engines. Figure 4 shows the relationship between nondimensional speed, n * and nondimensional output power, L S * based on the experimental results of the prototype engines listed in Table 1 . Each nondimensional engine specification, S * , is shown in the figure. In the case of Engine A, two types of operating conditions, in which either helium or nitrogen is used as the working gas, are indicated. From the figure, each engine exhibits a maximum value of the nondimensional output power, L S,max * at a given n * ; i.e., the maximum value of L S,max * is the optimal condition. The nondimensional maximum output power, LS,max * , is obtained when the engine reaches the maximum output power, L S,max, in each experiment. LS,max * increases and appears in the range of higher nondimensional speed, n * , with increasing nondimensional engine specification, S * . As a result, the nondimensional speed, nopt * at which the nondimensional maximum output power, L S,max * , is obtained according to the nondimensional engine specification, S * . Table 2 shows the results of nondimensional values, L S,max * , n opt * and S * , based on the measured maximum output power, L S,max , and engine speed, nopt. Namely, the values of LS,max * are the peak values (the optimal condition) for each engine shown in Fig. 4 . Figure 5 shows the relationship between n opt * and L S,max * given in Table 2 . In the figure, circles represent the experimental results, and the solid line represents the calculated result using the method of least squares. From the figure, it is considered that the relationship between maximum output power and engine speed can be arranged using the nondimensional maximum output power, LS,max * and the nondimensional speed, nopt * . As the relationship between nopt * and L S,max * is a linear one, it is expressed by Eqs. (14) and (15) .
The coefficient, aL, is determined to be the value given below from Fig. 5 . Figure 6 shows the relationship between nondimensional engine specification, S * , and nondimensional speed, nopt * . In the figure, circles represent the experimental results, and the solid line represents the calculated result using the method of least squares. From the figure, the relationship between S * and nopt * is expressed by Eqs. (16) and (17) in the same manner as in Fig.5 . (12) and the definitions of the nondimensional numbers, we can see that the coefficient a L=0.24 is equivalent to the West Number, WN, at P * =1.
In order to confirm the propriety of Eqs. Table 3 lists the engine specifications, the experimental results and the values of the nondimensional numbers of previously reported engines. In the table, there are several engines that do not have the measured value of the expansion space gas temperature, TE. In the case of high-performance engines, the heater wall temperature is estimated generally instead of the expansion gas temperature, TE. Thus, the value of TE is estimated by a simple calculation of the heat transfer based on the specifications of the heat exchangers, the heater wall temperature and other measured values. Figure 7 shows the relationship between nondimensional speed obtained from the maximum output power, n opt * , and nondimensional maximum output power, L S,max * . Figure 8 shows the relationship between nondimensional engine specification, S * , and nondimensional speed, nopt * . In these figures, white circles represent the experimental results of the previously reported engines listed in Table 3 , and black circles represent those of our prototype engines listed in Table 2 . The broken lines were obtained using Eqs. (14) and (16), respectively. From the figures, most of the experimental results of the previously reported engines lie on the nopt * -LS,max * and S * -nopt * lines, in the same manner as that of our prototype engines listed in Table 2 . As a result, it is confirmed that the performance of general Stirling engines can be estimated using Eqs. (14)~(18), because the experimental results can be arranged by the nondimensional numbers, nopt * , LS,max * and S * in engines of different types, sizes, working gas and operating conditions.
Flowchart of Prediction Method
As the relationship between engine specifications and output power is clarified as described above, engine performance can be predicted at the early design stage. Figure 9 shows a flowchart of the performance prediction method for the engine design. First, the nondimensional engine specification, S * , can be calculated using Eq. (13) based on the design condition and engine specifications. After the nondimensional speed, nopt * , and the nondimensional maximum output power, LS,max * , are derived from Eqs. (14)~(18), the maximum output power, L S,max, and the engine speed at a particular time, nopt, can be derived. Namely, the prediction method suggested in this paper can simply predict the maximum output power and engine speed at a particular time based on engine specifications, though it was impossible to do so using previous prediction methods. Also, this prediction method can estimate the effects of the kind of working gas and the operating conditions by the derivation of the nondimensional engine specification, S * ; thus, it is possible to predict the engine performance in detail.
Conclusion
In this paper, we measured the performance of high-and low-temperature differential Stirling engines, and derived the nondimensional numbers in order to estimate engine performance. Finally, the performance prediction method based on engine specifications was suggested. This study is summarized as follows.
(1) The relationship between output work and engine speed can be arranged using the nondimensional speed, n * , and the nondimensional output work, w s * , with nondimensional pressure, P * , and temperature, T * , as parameters (see Figs. 1~3 ). Also, because the calculated results agree well with the experimental results, the analytical method is proven to have sufficiently high accuracy. (2) From the relationship between nondimensional speed, n * , and nondimensional output power, Ls * , the optimal value of the nondimensional speed, nopt * , is derived based on the nondimensional engine specification, S * (see Fig. 4 ). Thus, there is an optimal engine speed, n opt , at which maximum output power, LS,max, is obtained. (3) The maximum output power, LS,max, and the optimal engine speed, nopt, are derived from Eqs.
(5)~(18) when the main engine specifications are determined. Engine performance can be predicted by the flowchart shown in Fig. 9 . Additionally, as engine performance is affected by pressure loss in the heat exchangers and mechanical loss caused by friction in the mechanical devices, the effects of these should be clarified. However, engines with different types of mechanical devices and different heat exchange situations such as high-and low-temperature heat source, were investigated in this study. In particular, the heater of a high-temperature differential engine exchanges heat between hot gas and working gas, i.e., from one gas to another gas, and similar types of heat exchangers are used in such cases. In contrast, the heat exchangers and the mechanical devices of a low-temperature differential engine are different from those of the high-temperature differential engine. The heater of the low-temperature differential engine described in this paper exchanges heat between hot water and working gas, i.e., from liquid to gas. In spite of the fact that various engines were estimated, engine performance agrees well, as shown in the diagrams (see Figs. 4~8 ), based on the nondimensional numbers defined in this paper. The relationship between engine specification and output power is expressed by Eqs. (14)~(18). Namely, it is considered that the type of heat exchanger and the mechanical loss depend on the swept volume of the expansion space. As a result, it was found that the prediction method suggested in this study has sufficiently high accuracy for use at the design stage of the general Stirling engines.
